Abstract. We construct n-dimensional counterparts of manifolds modeled on the space ℓ 2 equipped by the bounded weak topology (µ ∞ n -manifolds). For µ ∞ n -manifolds we prove the characterization, triangulation and classification theorems. In addition, a universal map of µ ∞ n onto Q ∞ (the countable direct limit of Hilbert cubes and Z-embeddings) is constructed and characterized.
Introduction
Theory of manifolds modeled on universal n-dimensional Menger compacta µ n (Menger manifolds; µ n -manifolds), whose backgrounds were created by Bestvina [4] , has been widely developed in the papers of Dranishnikov [8] , Chigogidze [6, 7] , Sakai [13] , Ageev and Repovš [1] and others. As the results demonstrate, the Menger manifolds are closer to the Q-manifolds (i.e. the manifolds modeled on the Hilbert cube Q; see [5] ) than to the finite-dimensional Euclidean manifolds.
In this paper we consider manifolds modeled on the countable direct limits µ ∞ n of Menger compacta. These manifolds can be considered as n-dimensional counterparts of the manifolds modeled on the countable direct limits Q ∞ of sequences of Hilbert cubes (a series of papers [11, 12, 16 ] is devoted to the latter). Note that the model space Q ∞ naturally appears in functional analysis as a separable Hilbert space ℓ 2 endowed with the bounded weak (bw) topology: a set in (ℓ 2 , bw) is closed if and only if its intersection with every closed ball is closed in the weak topology [10] . Therefore, the space µ ∞ n can serve as an n-dimensional counterpart of the space (ℓ 2 , bw). The theory of µ ∞ n -manifolds can be pursued slightly further than that of µ nmanifolds. To the universal Dranishnikov map, which plays an important role in formulations (as well as proofs) of the stability theorem and triangulation theorem, there corresponds, in the case of µ ∞ n -manifolds, a map ϕ n : µ ∞ n → Q ∞ , which can be uniquely, up to a homeomorphism, characterized by means of its fundamental properties. Note that there is no characterization theorem for the universal Dranishnikov map f n .
Proof. There exists an n-dimensional compactum and n-invertible map h : B → A (see [8] ). Then the maps f h and gh are homotopic; denote by H : B × I → X the homotopy which connects them and let C = H(B × I).
If dim B ′ ≤ n and a map h ′ : B ′ → A is given, then there exists a map α :
is a homotopy of the maps f h ′ and gh ′ . Thus, the maps f, g : A → C are n-homotopic.
Lemma 2.2. Suppose that a map f : X → Y of metric compacta induces an isomorphism of the homotopy groups of dimension ≤ n, Y ∈ LC n , (P, L) is a polyhedral pair, dim P ≤ n and α : P → Y , β : L → X are maps such that f β = α|L. Then there exists a mapβ : P → X such thatβ|L = β and fβ ≃ n−1 α. 2.2. µ n -manifolds. Recall the construction of the standard universal n-dimensional Menger compactum µ n (see e.g. [9] ). Let K i , i = 0, 1, 2, . . . , be the family of 3 mi congruent cubes obtained by means of partition of the unit m-dimensional cube I m , m ≥ n, by (m − 1)-dimensional affine subspaces in R m given by the equations x j = k/3 i , j = 1, 2, . . . , m and 0 ≤ k ≤ 3 i . Denote by S n (K) the family of all faces of dimension ≤ n of the cube K and for every subfamily
m . For m ≥ 2n + 1 and n fixed, all spaces µ m n are homeomorphic [4] . Let
A paracompact space X is said to be a µ n -manifold if there exists a base of the topology of X consisting of sets homeomorphic to open subsets in µ n . We assume that the µ n -manifolds under consideration are separable.
Recall that a map f : X → Y is said to be a Z-embedding if the image f (X) is a Z-set in Y ; the latter means that the identity map 1 Y can be approximated by the maps whose image misses f (X) (see e.g. [3] ). Theorem 2.3 (Z-embedding extension theorem [4] ). Let (A, B) be a compact metrizable pair, dim A ≤ n. For every Z-embedding f : B → µ n there exists an extension to an embeddingf : A → µ n .
2.3. By MC (respectively MC(n)) we will denote the class of metrizable compacta (respectively the class of metrizable compacta of dimension ≤ n). Given a class C of topological spaces, we denote by C ∞ the class of spaces which can be represented as countable direct limits of sequences of spaces X 1 ֒→ X 2 ֒→ . . . , where X i ∈ C.
By Q we will denote the Hilbert cube, Q =
By R ∞ we denote the direct limit of the sequence
n ֒→ . . . , in which all the spaces µ (i) n are topological copies of µ n and all the embeddings are Z-embeddings.
DUŠAN REPOVŠ AND MICHAEL ZARICHNYI
A paracompact space X is said to be a µ ∞ n -manifold if there exists an open cover of the space X with all elements homeomorphic to µ ∞ n . We assume that all µ ∞ n -manifolds under consideration are separable. Recall that by MC(n)
∞ we denote the class of spaces for which there exists a representation as the direct limit of a sequence of the form
where Y i are metrizable compacta with dim Y i ≤ n for every i.
A space Y is said to be strongly (neighborhood) n-universal if for every compact metrizable pair (A, B), where dim A ≤ n, and every embedding f : B → Y there exists an embeddingf : A → Y (respectively an embeddingf : U → Y of some neighborhood U of the set B in A) which extends f .
∞ is homeomorphic to µ ∞ n (respectively is a µ ∞ n -manifold) if and only if X is strongly n-universal (respectively strongly neighborhood n-universal).
where Y j are homeomorphic to µ n and every embedding Y j ֒→ Y j+1 is a Z-embedding.
As in [11] , we apply the "back and forth" argument. Set i 1 = j 1 = 1. There exists an embedding f 1 :
By the strong n-universality property of X, there exists an embedding g 1 :
Proceeding similarly one obtains the commutative diagram
and the latter set,
In fact, we have proven the following stronger result. The following is a consequence of the characterization theorem. Theorem 3.3. Every µ ∞ n -manifold is homeomorphic to the countable direct limit of µ n -manifolds and Z-embeddings.
Proof. Let X be a µ ∞ n -manifold, X = lim − → X i , where X i are compacta. There exists an embedding i 1 : X 1 → µ n . By the strong neighborhood n-universality property, there exists a closed neighborhood U 1 of the set i 1 (X 1 ) in µ n such that the embedding i −1
Suppose that compact µ n -manifolds
There exists a Z-embedding i l : X l → µ n . Similarly as above, it follows from the strong neighborhood n-universality property that there exists a closed neighborhood U k+1 of the set i l (X l ) in µ n such that U k+1 is a µ n -manifold and the embedding i
n be an embedding (recall that, as in (3.1), µ
n → µ ∞ n are defined so that the following conditions hold:
onto X k . Applying the Z-set approximation theorem for µ n -manifolds, one can approximatẽ
It is easy te see that the map lim − → i k is a closed embedding of X into µ ∞ n .
Universal maps
Dranishnikov constructed in [8] n-invertible maps f n : µ n → Q and g n : µ n → µ n which, in addition to other properties, posses also the following universality property: every map of metric compacta h : X → Y , where dim X ≤ n (respectively dim X ≤ n, dim Y ≤ n) can be embedded into the map f n (respectively into g n ).
Lemma
Proof. Denote by A the set of all possible sixtuples S = (Z, A, Y, α, β, γ), in which Z, Y are metrizable compacta, dim Z ≤ n, A is a closed subset in Z, α : A → X is an embedding, and β :
For every S ∈ A, choose an n-invertible map h S : K S → Q, where K S is an n-dimensional metrizable compactum [8] . Fix a map g S :
In the space T = X ⊔ (⊔{K S | S ∈ A}) consider the equivalence relation ∼ defined by the condition α(a) ∼ g S (a) for every S = (Z, A, Y, α, β, γ) ∈ A and every a ∈ A. Denote by H the quotient space of the space T , and by q : T → H the quotient map.
It is easy to see that the map q is closed and thus H is a normal space. It follows from the Dowker theorem [9] that dim H = n, therefore dim βH = n (see [9] ; as usual, by βH we denote the Stone-Čech compact extension of a space H).
Denote by j : X → βH and j S : K S → βH, S ∈ A, the natural embeddings. There exists a map h : H → Q such that h • j = f and h • j S = h S for every S ∈ A. Denote byĥ : βH → Q the unique extension of the map h.
It can be easily deduced from Shchepin's Spectral Theorem [15] that there exists an n-dimensional metrizable compactum X 1 and a map h 1 : βH → X 1 , f 1 : X 1 → Q such thatĥ = f 1 • h 1 . Let s : X 1 × Q → Q be an embedding and
(here f n : µ n → Q is the universal Dranishnikov map [8] ). Denote by R the partition of the space f 
Let p : Z → Z/A be the quotient map and let η : Z/A → Q be an embedding such that η({A}) = 0.
Define an embedding θ : Z → X 1 × Q by the formula θ(z) = (α 1 (z), η • p(z)), z ∈ Z. From n-invertibility of the map f ′ n it follows that there exists a map θ :
First of all, it is obvious that the mapᾱ is an embedding. If a ∈ A, then
Moreover,
Definition 4.2. A map f : X → Y is said to be strongly (n, ∞)-universal (respectively, strongly (n, n)-universal, strongly (n, ω)-universal), if for every compact metrizable pair (Z, A), where dim Z ≤ n, and a metrizable compactum C (respectively metrizable compactum C of dimension ≤ n, finite-dimensional metrizable compactum C), every embedding α : A → X and maps β :
Recall that a homeomorphism of a map f :
consists of a pair of homeomorphisms g : Proof. Let f n : µ n → Q be the universal Dranishnikov map (see [8] ). Using Lemma 4.1, define a sequence of maps f
n → Q and embeddings µ
for which the following conditions hold:
Q is commutative; (3) for every compact metrizable pair (X, A), where dim X ≤ n, metric compactum Y , and maps α :
n • ϕ and ϕ|A is an embedding, there exists an embeddinḡ ϕ : X → µ (i+1) n such thatφ|A = ϕ|A and f
The set Y = rintQ = {Q (i) | i ≥ 1} is called the radial pseudointerior of the Hilbert cube Q.
Topologize the sets X and Y as the countable direct limits, lim − → {X i }, lim − → {Q (i) }; the resulting spaces are denoted byX andŶ , respectively. It is easy to see that the map ϕ n :X →Ŷ is continuous. It follows from characterization theorem 3.1 and the Sakai characterization theorem [11] thatX
∞ is a consequence of condition 3.
We are going to show that the map ϕ n is unique up to a homeomorphism. Let
, where A i , B i are compacta and f (A i ) ⊂ B i (we will denote by f i : A i → B i the restriction of f ). Assume that A 1 = {x 0 }, B 1 = {y 0 }.
The following result is a counterpart of the Product Theorem of the theory of Q-manifolds (see [5] ) in the category MC(n) ∞ .
Theorem 4.4. Let X ⊂ Q ∞ , X ∈ MC ∞ and X be an absolute neighborhood extensor for the class MC(n). Then ϕ
Proof. We verify the conditions of the characterization theorem 3.1 for µ ∞ nmanifolds. Obviously, ϕ −1 n (X) ∈ MC ∞ . Given a compact metrizable pair (A, B) with dim A ≤ n and an embedding f : B → ϕ −1 n (X), one can extend the map ϕf : B → X to a map g : A → X. It follows from the strong n-universality of ϕ that there exists an embeddingf : A → µ ∞ n such that ϕf = g andf |B = f . Thenf (A) ⊂ ϕ −1 (X) and we are done. Proof. We suppose that µ
We are going to show that X is homeomorphic to µ ∞ n . Obviously, X ∈ MC(n)
∞ . Let (A, B) be a compact metrizable pair with dim A ≤ n and f : B → X an embedding. Since µ ∞ n is an absolute extensor for metrizable compacta of dimension ≤ n, there exists an extension g : A → µ ∞ n of the map ϕ n f . It follows from the strong (n, ω)-universality property that there exists an embeddingf : A → µ ∞ n such thatf |B = f and ϕ nf = g. The latter condition means thatf (A) ⊂ X and, by the characterization theorem, X ∼ = µ ∞ n . The strong (n, n)-universality of the map ψ n is an easy consequence of the strong (n, ω)-universality property of the map ϕ n .
In turn, the uniqueness of the map ψ n can be derived from its strong (n, n)-universality similarly as in the proof of Theorem 4.3.
Theorem 4.6. There exists a strongly (n, ω)-universal map ψ n,∞ : µ ∞ n → R ∞ , which is unique up to a homeomorphism.
. The rest of the proof is completely analogous to that of Theorem 4.5.
Triangulation and classification theorems for µ
∞ n -manifolds Lemma 5.1. For every µ ∞ n -manifold X there exists a locally finite polyhedron P of dimension ≤ n and a map f : P → X that induces an isomorphism of the homotopy groups in dimensions ≤ n − 1. 
This can be easily deduced from the properties of the universal map g n : µ n → µ n (see [8] ).
Define the space X ′ as the quotient space of the disjoint union ⊔{M ′ i | i ∈ N} with respect to the equivalence relation that identifies every point x ∈ M ′′ i with the point
Define a map h :
It is not difficult to show that the map h induces an isomorphism of the homotopy groups in dimensions ≤ n − 1. Since the space X is locally compact,
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there exists a locally finite polyhedron P of dimension ≤ n and a map g : P → X ′ that induces an isomorphism of the homotopy groups in dimensions ≤ n − 1. The composition f = h • g is the required map.
Lemma 5.2. Let f, g : A → X be (n − 1)-homotopic maps of a metrizable compactum A. Then there exists a compactum C ⊂ X such that C ⊃ f (A)∪g(A) and the maps f, g : A → C are (n − 1)-homotopic.
Proof. There exists an n-invertible map h : B → A, where B is an n-dimensional compactum [8] . Then the maps f h and gh are homotopic; denote by H : B×I → X a homotopy connecting them. Let C = H(B × I).
If dim B ′ ≤ n and a map h ′ : B ′ → A is given, then there exists a map α : The proof of the following lemma is a direct modification of the proof of Lemma 2.8.7 from [4] . Note that in [4] the notion of µ-homotopy was used where we use (n − 1)-homotopy.
Lemma 5.3. Suppose that a map f : X → Y induces an isomorphism of homotopy groups in dimension ≤ n, Y is an AE(n)-space, (P, L) is a polyhedral pair with dim P ≤ n and α : P → Y , β : L → X are maps such that f β = α|L. Then there exists a mapβ : P → X such thatβ|L = β and fβ ∼ n−1 α.
Lemma 5.4. Let f : X → Y be a map of µ ∞ n -manifolds which induces isomorphisms of the homotopy groups in dimension ≤ n − 1. For every compact metrizable pair (A, B) , where dim A ≤ n, and every pair of maps α : B → X, β : A → Y such that α is an embedding and f α ≃ n−1 β|B there exists an embedding α ′ : A → X such that α ′ |B = α and f α ′ ≃ n−1 β.
Proof. There exists an n-dimensional finite polyhedral pair (P, L) and maps g : A → P , g ′ : P → Y such that g ′ g ≃ n−1 β, g(B) ⊂ L and there exists a map h : L → X such that hg|B ≃ n−1 α (see [4] ).
By Lemma 5.1, there exists a map g ′′ : P → X such that g ′′ |L = h and f g ′′ ≃ n−1 g ′ . Then, by Lemma 5.2 and Theorem 3.3, there exists a compact µ nmanifold M ⊂ X such that α(B) ∪ g ′′ (P ) ⊂ M and the maps hg|B, α : B → M are (n − 1)-homotopic. By [6, Proposition 2.2], there exists a mapα : A → M such thatα|B = α andα ≃ n−1 g ′′ g. By Theorem 3.3, there exists a compact µ n -manifold M ′ such that M ⊂ M ′ ⊂ X and M is a Z-set in M ′ . Then, by the Z-set approximation theorem for µ n -manifolds ([4, Theorem 2.3.8]), there exists an embedding α ′ : A → M ′ such that α ′ ≃ n−1α and α ′ |B = α. Then also f α ′ ≃ n−1 fα ≃ n−1 f g ′′ g ≃ n−1 g ′ g ≃ n−1 β.
